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Abstract 
The applicability of LEFM is investigated in this paper. Experiments with loads corresponding to load controlled LEFM 
conditions and LCF strain controlled conditions were carried out and the crack propagation was monitored. The experiments 
were evaluated according to standard procedures for crack propagation testing, ASTM E 647. The results from the LCF 
experiments were evaluated using linear elastic representation of the load in the crack vicinity i.e. KI. The results show that 
although essentially elastic stress response is observed the use of LEFM and material data obtained under LEFM loading 
situations resulted in non conservative crack propagation rate predictions for LCF loads. However, the LEFM methodology could 
be used to accurately describe the fatigue crack growth behavior using material data from the LCF tests but further work is 
needed for such methodology to be implemented in a life calculation system. 
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1. Introduction 
The use of linear elastic fracture mechanics (LEFM) is the standard method to calculate the growth of fatigue 
cracks in engineering structures. The theoretical background is well established and can be found in any standard 
textbook on fracture mechanics. One of the limitations of LEFM is the restriction to small-scale yielding i.e. all 
relevant dimensions are much larger than the plastic zone size surrounding the crack tip. When the criterion for 
LEFM is violated, the theoretical foundation for calculating the crack driving parameter during cyclic loading is not 
well established. Methods to predict crack growth during cyclic loading based on non-linear fracture mechanics 
have been made available in modern software, such as NASGROTM. However the methods are not commonly used 
in engineering possibly due to computational difficulties and highly non-linear behavior. 
The present study aims to compare the fatigue crack growth behavior when LEFM is applicable and when LEFM 
is violated. The results show that the use of LEFM materials data under-predicts the FCG rate when LEFM is 
violated. It should be emphasized that in all loading situations the global material response was close to elastic.  
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Nomenclature 
a Crack depth
C coefficient in the NASGRO equation
n exponent in the NASGRO equation
da/dN Crack propagation rate
N Cycles
D Constraint parameter for crack closure level 
'K Nominal SIF range 
'H Total strain range = HmaxHmax
'V Stress range = VmaxVmax
V0 Flow stress = (VY + VU ) / 2 
VY Yield stress 
VU Ultimate tensile stress 
FCG Fatigue Crack Growth 
SIF Stress Intensity Factor 
2. Method 
2.1. Experimental 
The fatigue crack growth testing was performed on Ti6242 specimens machined from bars. Specimens of the Kb-
type were used, with a cross-section of 4.3x10.2 mm in the gage section. A starter notch of nominal depth 0.075 mm 
was EDM-machined and lead wires were spot welded across the notch for potential drop (PD) measurements. 
Reference PD probes were attached to the back face of the specimen, far from the notch. The specimens were pre-
cracked at room temperature to obtain an initial crack length of ~0.6 mm and subsequently heated to the test 
temperature, 350qC, before the test was started. Throughout the test, the PD across the cracked cross-section and 
reference probes was monitored, and the crack length was calculated from the ratio of these two PD values in a way 
consistent with ASTM E647 [1] by means of an experimentally obtained calibration curve. 
The testing was divided into two parts: one was conducted under what is conventionally assumed to be LEFM-
valid conditions in load control, with load ratio 
maxV
 SR
minV (1a)
equal to 0, 0.6 and 0.8. Note that during the following parts of this paper, the notation RS will refer to R-ratios 
calculated based on loads or stresses whereas the notation R will refer to R-ratios calculated from strains. During 
the second set of tests an extensometer was attached to the side face of the specimen, centered at the cracked cross-
section, and the tests were run under LCF-like conditions in total strain control with 
maxH
 R min
H
(1b)
224 M. Ho¨rnqvist, T. Månsson / Procedia Engineering 2 (2010) 223–229
M. Hörnqvist et al./ Procedia Engineering 00 (2010) 000–000 3
equal to 0, 0.6 and 0.8. For both parts, duplicate tests were run under each condition. For tests under LEFM 
conditions the stress intensity factors were calculated according to [2], whereas the analysis of the strain controlled 
tests was performed according to procedures described in 3.2. 
Note that due to contractual reasons all data has been normalized or in other ways been made unreadable in 
absolute terms. 
2.2. Crack growth equation 
All test results were fitted to a Paris law type equation as implemented in the commercial software NASGRO [3]. 
The model used is given in Eq. (2) through Eq. (4): 
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The influence of R-ratio on the FCG is modeled by a crack closure equation:  
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As no data is available in the near-fracture or near-threshold regions, p and q are set to zero in the present 
investigation. All simulations of fatigue crack growth were performed using the NASGRO 6.0 software and the 
curve fitting to experimental data was done by in-house MATLABTM routines. 
3. Results
3.1. LCF stress-strain response 
Figures 1(a) and (b) show the measured material response of the material during LCF loading at different strain 
ratios and the resulting evolution of the load ratio. For all tested strain ranges, the material experienced a rapid initial 
shakedown which saturates in about 2 to 10 cycles depending on R. According to Fig. 1(c) the material appears to 
undergo cyclic hardening during the majority of the fatigue life. However, this is largely due to the reduction of 
load-carrying area due to crack growth. If the stress ranges are calculated based on the cracked cross-sectional area 
it can be shown that the stress ranges are effectively constant. The observed reduction in mean stress in Fig. 1(d) is a 
true material effect which remains also when the average stresses corrected for the crack area are used.  
A close investigation of the hysteresis loops reveals a behavior close to elastic, with plastic strain ranges in the 
order of 0.02 to 0.06% at the mid-life cycles and no consistent dependency on the R-ratio. Also, the plastic strain 
range differs greatly between the duplicate samples but the measured plastic strain levels are low compared to the 
elastic strain ranges. Further, there appears to be no systematic logic regarding the difference in plastic strain range 
with respect to applied R-ratio.
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Fig. 1. (a) Cyclic stress-strain response of Ti-6242 under LCF loading with strain ratios (R) of 0, 0.6 and 0.8 in terms of nominal stress (not 
corrected for the area reduction due to crack) and  measured extensometer strain; (b) The corresponding evolution of the load ratio (RS); (c) Stress 
range and (d) mean stress based on the uncorrected stresses. 
3.2. Crack driving parameter 
To evaluate the crack propagation tests the stress intensity factor range was used. The SIF range is written in a 
general form in Eq. (5) below.  
agKV  ' SV' (5)
In Eq. (5) the geometry factor g is calculated for a surface flaw, see [2]. The stress range in Eq. (5) corresponds to 
the stable stress response. For the conventional testing the stress range simply corresponds to the elastic stresses, and 
for the LCF tests the saturated stress range, as shown in Fig. 1, is used. From a stress analysis point of view this is 
equivalent to working with a stress-strain history calculated using a non-linear material model. 
The applicability of LEFM for cyclic load was here assessed by the relation given in Eq. (6) [4]. The critical 
length which must be exceeded by all relevant dimensions (crack length and remaining ligaments) can be calculated 
from 
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(6)
When the criterion in Eq. (6) is applied to the tests in the present studies, the validity of LEFM is confirmed for 
the conventional load-controlled tests, whereas the conditions are violated for the tests with LCF loading, even 
though the stress strain response is elastic. 
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Fig. 2. (a) Predictions of the fatigue crack growth rates under LCF loading based on materials data from LEFM assuming load ratios and stress 
ranges based on measured loads according to Fig. 1.  (b) The resulting crack growth lives; (c) Predicted fatigue crack growth lives for three 
specimens tested under LEFM conditions calculated based on applied LEFM stress ranges and R-ratios and material data from LEFM tests. 
3.3. Predictions of LCF crack growth using LEFM data 
To investigate the ability of the NASGRO model to predict fatigue crack growth under LCF conditions based on 
LEFM materials data, simulations of crack growth in Kb specimens under LCF load was performed. The materials 
data was obtained by curve fitting of Eq. (2) to the data obtained under LEFM loading conditions with Vmax/V0=0.3
and D=2.5. In Figure 2(a) a comparison between the predicted FCG rates using the stress range from Figure 1 and 
LEFM material data and the measured FCG rate. The results in Fig. 2(a) show that the saturated stress range and 
LEFM material data is insufficient to accurately predict the FCG rate. 
To quantify the effects, simulations of crack growth were performed with saturated stress ranges and load ratios 
from Fig. 1 and LEFM materials data.  The ratio between experimental and simulated number of cycles to reach a 
given crack length was used as measure of accuracy, and the results can be seen in Fig. 2(b). The fatigue crack 
growth lives are over-predicted by roughly a factor 4. This clearly shows that the use of a SIF calculated from 
elastic-plastic stresses can yield very non-conservative predictions of the fatigue life when used with LEFM material 
data. 
For comparison, simulations were also performed on three of the LEFM specimens (one from each R-value) 
using LEFM material data and applied stress ranges and R-ratios. Figure 2(c) shows that the fatigue crack growth 
lives are well predicted, within some 10-15% of the experimental values.  
3.4. Predictions of LCF crack growth using modified LEFM data 
If the actual loading conditions are taken as input for a NASGRO simulation of the crack growth behavior under 
LCF loading, the ratio Vmax/V0 should be increased to 0.9 based on the average ratio of the observed saturated 
maximum stress to the average of the yield and ultimate tensile strength. Changing the parameter Vmax/V0 affects the 
crack closure level given by Eq. (4) and therefore impact the FCG rate. This approach was investigated by the same 
method as described above, and the results can be seen in Fig. 3. Taking Vmax/V0=0.9 into account when using 
LEFM data to simulate crack growth under LCF conditions improves the curve fit and life predictions, but the 
results are still non-conservative as the fatigue crack growth lives are over-predicted by a factor 2.5. The model 
implemented in NASGRO capture the correct behavior of FCG i.e. high stresses relative to the flow stress 
accelerates the FCG but in this case the acceleration did not fully compensate to result in perfect correlation between 
model and measured FCG. 
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Fig. 3. (a) Predictions of the fatigue crack growth rates under LCF loading based on materials data from LEFM and Vmax/V0 =0.9, assuming load 
ratios and stress ranges based on measured loads according to Fig. 1.  (b) The resulting crack growth lives 
3.5. Predictions of LCF crack growth using LCF data 
A new attempt to model the FCG for the LCF data was tested where Eq. (2), with the SIF range as defined by Eq. 
(5) and the elasto-plastic stress range, was fitted to the experimental data produced for the LCF loads. In these curve 
fittings the constraint parameter D was fixed 2.5 to describe the plane strain dominance of the Kb-type specimen 
geometry and the ratio Vmax/V0 was set to 0.9. The results of the fittings are shown in Fig. 4(a), and a comparison 
between the measured cycles (Nexp) and the model results (Npred) for a crack to grow from a0 to afinal is seen in Fig. 
4(b).  The curve fitting and crack growth simulations show excellent correlation with the experimental data when 
this approach is used. However the use of SIF is not applicable according to Eq. (6) therefore the criterion (6) need 
to fully understood and validated against other experiments.  
Fig. 4. (a) FCG rates and curve fits of Eq. (2) to the experimental LCF crack growth rate data assuming load ratios and stress ranges based on 
measured loads according to Fig. 1, with the SIF range calculated from Eq.(6); (b) Comparison of the predicted and experimental fatigue crack 
growth lives based on the fittings in (a). 
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4. Discussion
The test results shown in the previous sections indicate that care should be taken when using LEFM material data 
for FCG calculations when the loading situations imply that LEFM is not applicable. Firstly, the criterion given in 
Eq. (6) was used to check the validity of LEFM for cyclic loading, and even if the stress response was close to 
elastic after shakedown the LEFM conditions were violated when LCF type loading was applied. Secondly, the 
material properties are altered by the initial loading to high strain. The impact on the FCG of these two unknowns 
could not be quantified in the present investigation. 
It was also shown that the NASGRO model can capture the R-dependence, i.e. assumed crack closure, correctly 
even under high mean strains if the corresponding parameters are used. However, even if the crack closure 
calculations are performed with parameters corresponding to LCF type loading, the LEFM data do not fully 
correlate with the data from tests with LCF loading. The approach to model the influence of high applied stresses by 
the relation Vmax/V0 is straight-forward for a test specimen like the Kb bar. However, for a more general loading 
situation it would be more difficult to determine both parameters such as Vmax/V0 but also the appropriate crack 
driving force. This is especially true where gradients due to notches or non-uniform temperature distributions are 
present.  
On the other hand, it was shown that for this specific case it was possible to use the LEFM methodology to 
predict the FCG behavior under LCF loads if material data was obtained under relevant conditions. To validate such 
approach as a design method, testing on other geometries and loading scenarios is needed to check the transferability 
of the material data produced under LCF conditions between geometries, since the criteria for LEFM was violated. 
It also remains to be shown that the SIF is a relevant measure of the crack driving force under complex loading 
situations where LEFM is not applicable according to criteria such as Eq. (6). 
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